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Abstract

Solar energetic particles (SEPs) can pose hazardous radiation risks to both humans and spacecraft electronics in
space. Numerical modeling based on first principles offers valuable insights into the underlying physics of SEPs
and provides synthetic observables for SEPs at any time and location in the inner heliosphere. In this work, we
present a numerical scheme, which conserves the number of particles based on integral relations for Poisson
brackets, to solve the kinetic equation for particle acceleration and transport processes. We implement this scheme
within the Space Weather Modeling Framework, developed at the University of Michigan. In addition, we develop
a new shock-capturing tool to study the coronal mass ejection-driven shock originating from the low solar corona.
These methodological advancements are applied to conduct a comprehensive study of a historical SEP event on
2013 April 11. Observations from multiple spacecraft, including the Solar and Heliospheric Observatory, Solar
Dynamics Observatory, Geostationary Operational Environmental Satellite, Advanced Composition Explorer near
Earth, and STEREO-A/B, are used for model-data comparison and validation. We show synthetic observables,
including extreme ultraviolet and white-light images, proton time—intensity profiles, and energy spectra, and
discuss their differences and probable explanations compared to observations. Our simulation results demonstrate
the application of the Poisson bracket scheme with a particle solver to simulating a historical SEP event. We also
show the capability of extracting the complex shock surface using our shock-capturing tool and understand how
the complex shock surface affects the particle acceleration process.

Unified Astronomy Thesaurus concepts: Solar energetic particles (1491); Solar coronal mass ejection shocks

b}

(1997); Heliosphere (711); Space weather (2037); Computational methods (1965)

1. Introduction

Solar energetic particles (SEPs) consist of protons, heavier
ions, and electrons originating in association with solar
eruptions. They are observed at energies ranging from
suprathermal (a few keV per nucleon) to relativistic (a few
GeV per nucleon) (D. V. Reames 1999, 2021; K.-L. Klein &
S. Dalla 2017). Generally, SEP events can be classified into
impulsive or gradual ones (H. Cane et al. 2006;
D. V. Reames 2013). Impulsive SEP events are believed to
be associated with magnetic reconnection processes within
solar flares and coronal jets. Their time-intensity profiles
usually show a sudden onset followed by a fast decay with a
duration typically less than 1 day (e.g., N. V. Nitta et al. 2006;
G. Mason 2007; R. Bucik 2020; D. Lario et al. 2024). On the
other hand, gradual SEP events are usually associated with
shocks driven by coronal mass ejections (CMEs) and typically
last for a few days (S. Kahler et al. 1978, 1984; M. Desai &
J. Giacalone 2016).

CME:s can drive shock waves that have been identified in
coronagraph images (D. Sime & A. Hundhausen 1987;
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A. Vourlidas et al. 2003) and are often observed in situ at 1
astronomical unit (au) and sometimes at larger heliocentric
distances up to several astronomical units (P. Chen 2011;
D. F. Webb & T. A. Howard 2012; W. B. Manchester et al.
2017). As a shock wave propagates across the solar corona (SC)
and through the interplanetary (IP) medium, it may continue to
accelerate particles from the ambient solar wind plasma or
remnants from previous events (e.g., N. Gopalswamy et al.
2002; A. Rouillard et al. 2011; J. G. Luhmann et al. 2020). The
resulting energetic particles can then propagate through the SC
and IP space, reaching Earth’s location and posing hazardous
radiation risks to both humans and spacecraft in space (e.g.,
L. I. Miroshnichenko 2018; J. Guo et al. 2021, 2024; N. Buzu-
lukova & B. Tsurutani 2022; E. W. Cliver et al. 2022).
Therefore, a better understanding of the acceleration and
transport of SEPs and the capability to predict SEPs become
critical to the human endeavor for deep space exploration.
Diffusive shock acceleration (DSA), also known as first-
order Fermi acceleration (E. Fermi 1949), is believed to be the
mechanism at shock fronts that produces energetic particles in
many heliophysics and astrophysical systems (e.g., W. Axford
et al. 1977; G. Krymskii 1977; A. Bell 1978a, 1978b;
R. D. Blandford & J. P. Ostriker 1978; R. Blandford &
D. Eichler 1987; J. Jokipii 1982, 1987; T. P. Armstrong et al.
1985; G. Zank et al. 2000; V. Petrosian 2012). Particles can be
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accelerated as they travel across a shock front with strong
plasma compressions (see Chapter 13.4.2 of T. . Gomb-
osi 1998, and the references therein). This acceleration process
can naturally lead to a universal power-law momentum
distribution f(p) o p~ 7, where f is the omnidirectional
distribution function and p denotes the magnitude of the
particle momentum. The power-law index 7 depends only on
the shock compression ratio, i.e., the ratio of the plasma
downstream density to the upstream value (L. O. Drury 1983;
F. C. Jones & D. C. Ellison 1991; D. Melrose & M. Pope 1993;
I. V. Sokolov et al. 2006b; J. Giacalone & M. Neugeba-
uer 2008). However, in SEP energy spectra, there is usually an
exponential rollover (D. C. Ellison & R. Ramaty 1985) or a
double power-law feature (D. Band et al. 1993) with the
rollover/break energy depending on the ion charge-to-mass
ratio (e.g., C. Cohen et al. 2005; R. Mewaldt et al. 2005;
A. Tylka et al. 2005; G. Li et al. 2009; F. Yu et al. 2022).
Possible explanations suggested by, e.g., G. Li & M. A. Lee
(2015), L. Zhao et al. (2016, 2017), and X. Kong et al. (2019)
are the finite lifetimes and sizes of the shock for particle
acceleration, as well as the particle transport processes.

In order to investigate the underlying acceleration and
transport mechanisms of SEPs, numerous models have been
developed to study their properties. These models include
empirical, machine learning, and physics-based approaches, as
reviewed by K. Whitman et al. (2023). Empirical and machine
learning SEP models are built upon the observational data and
can offer quick predictions of SEP events. On the other hand,
first-principles physics-based models consider the mechanisms
that regulate the observed SEP properties and use different
kinds of sophisticated computational techniques (e.g.,
R. B. Decker 1988; C. Ng & D. Reames 1994; C. Ng et al.
2003; 1. V. Sokolov et al. 2004; J. Kéta et al. 2005; A. Aran
et al. 2006; J. Luhmann et al. 2007; M. Zhang et al.
2009, 2023; W. Droge et al. 2010; R. Strauss & H. Ficht-
ner 2015; J. Hu et al. 2017; M. Zhang & L. Zhao 2017,
D. Borovikov et al. 2018; J. A. Linker et al. 2019; N. Wijsen
et al. 2019; E. Palmerio et al. 2024; L. Zhao et al. 2024). These
models leverage our current understanding of particle seed
population, acceleration, and transport in the SC and IP space
and allow us to analyze the processes responsible for the
properties associated with SEP events. Due to the dimension-
ality and stiffness of SEP simulations, it is usually computa-
tionally expensive to obtain meaningful results from these
physics-based models, and much attention and effort in model
validation and evaluation is needed (H. M. Bain et al. 2023;
Y. Zheng et al. 2024). Moreover, there are still challenges and
open questions for the complete accurate modeling of SEP
events as reported by A. Anastasiadis et al. (2019), such as the
underlying physical mechanisms for particle acceleration
(e.g., J. Giacalone 2005a, 2005b; M. A. Lee et al. 2012;
O. P. Verkhoglyadova et al. 2015; B. T. Tsurutani et al. 2024),
properties of the seed particle population injected into the
acceleration process (e.g., G. Li et al. 2012; L.-G. Ding et al.
2015; B. Zhuang et al. 2021; N. Wijsen et al. 2023), and the
interaction of energetic particles with the turbulent magnetic
field in the heliosphere (e.g., J. Giacalone et al. 2000; G. Zank
et al. 2014; N. E. Engelbrecht 2019; A. Shalchi 2020). In spite
of high demands on computational resources and the
challenges of developing techniques to deliver meaningful
results, the physics-based models remain attractive in the
community, since they are able to derive the shock properties

Liu et al.

and provide synthetic observables such as the time—intensity
profiles and energy spectra of SEPs at any time and location of
interest in the SC and inner heliosphere (IH). These synthetic
observables can offer a unique insight to analyze the SEP
events and interpret the underlying physics, advancing our
knowledge of particle acceleration and transport processes.
Our previous study (L. Zhao et al. 2024) has demonstrated
the capability of the Solar Wind with Field Lines and Energetic
Particles (SOFIE) model as applied to predict historical SEP
events. In this work, we advance the SOFIE model by
introducing a newly developed shock-capturing tool and
implementing a particle-number-conserving numerical scheme
to simulate the acceleration and transport processes of SEPs.
These methodological advancements have been applied to
simulate a historical SEP event on 2013 April 11. The structure
of the paper is as follows. In Section 2, we describe our
numerical models in detail, including the magnetohydro-
dynamic (MHD) code to simulate the solar wind plasma, the
CME flux rope model, and the new SEP model setup. In
Section 3, we provide an overview of the 2013 April 11 SEP
event investigated in this work. In Section 4, we show our
simulation results and the model-data comparisons for this
event. We also analyze the synthetic observables and provide
plausible explanations for their differences compared to
observations. Conclusions are summarized in Section 5.

2. Methodology

In order to simulate SEPs with a physics-based model, we
need to have modules simulating the background solar wind,
CME generation and propagation, and the particle acceleration
and transport processes. In this study, we employ the Space
Weather Modeling Framework (SWMF’) developed at the
University of Michigan, which provides a high-performance
computational capability to simulate the space weather
environment from the upper solar chromosphere to the upper
atmosphere of Earth and/or the outer heliosphere (G. Té6th
et al. 2005, 2012; T. I. Gombosi et al. 2021). The SWMF has
integrated various components that represent different physical
domains of the space environment, each offering several
models. Our focus here is on the SC and IH components for
three-dimensional (3D) global solar wind simulations, the
eruptive event (EE) generator for the CME study, and the
particle acceleration and transport model for SEPs.

2.1. Background Solar Wind

The 3D global solar wind plasma is modeled by the Alfvén
Wave Solar-atmosphere Model(-Realtime) (AWSoM(-R),
B. van der Holst et al. 2010, 2014; R. Oran et al. 2013;
I. V. Sokolov et al. 2013, 2021, 2022; T. I. Gombosi et al.
2018). The AWSoM-R is an Alfvén wave turbulence-driven
and self-consistent solar atmosphere model and has been
validated by comparing simulations and observations of both
the in situ macroscopic properties of the solar wind and the
line-of-sight (LOS) appearance of the corona observed at
different wavelengths (e.g., L. Jian et al. 2015; X. Meng et al.
2015; N. Sachdeva et al. 2019, 2021, 2023; B. van der Holst
etal. 2019, 2022; T. Shi et al. 2022; E. Wraback et al. 2024). In
AWSoM-R, the Block-Adaptive-Tree-Solarwind-Roe-Upwind-
Scheme (BATS-R-US) code plays a critical role in solving the

° hitps: //github.com/SWMFsoftware
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MHD equations that describe the plasma dynamics
(K. G. Powell et al. 1999). The steady-state solar wind solution
is obtained with the local time-stepping and the second-order
shock-capturing scheme (G. T6th et al. 2012; T. I. Gombosi
et al. 2021). The inner boundary condition for the magnetic
field is specified by solar magnetograms. In this study, we use
the hourly updated synoptic magnetograms collected by the
Global Oscillation Network Group of the National Solar
Observatory (NSO/GONG,'" J. Harvey et al. 1996;
F. Hill 2018).

Owing to the limitations of the observation geometry, there
are significant uncertainties in the radial magnetic field
measurements of the polar regions (e.g., G. J. Petrie 2015;
M. A. Reiss et al. 2023). In order to reduce these uncertainties
and achieve better agreement of the global simulation results
with observations, it is customary to modify the photospheric
radial magnetic field in the polar regions (e.g., L. Nikoli¢ 2019;
I. V. Sokolov & T. I. Gombosi 2023; Z. Huang et al. 2024b).
Specifically, the GONG-observed radial magnetic field,
BYONG | ysed as the boundary condition at the heliocentric
distance of 1 solar radius (r = 1 R,), is intensified in the weak-
field regions using the following expression (Z. Huang et al.
2024b):

B,|,—1&, = sign(BNY)

x min (3.75|BSONC|, IBEONG|+5Gs). (1)

Figure 1(a) shows the processed GONG magnetogram recorded
at 06:04 UT on 2013 April 11, used as the input for AWSoM-R
in the SWMF. To obtain a 3D distribution of the strapping field
configuration, the potential field source surface (PFSS,
M. D. Altschuler & G. Newkirk 1969; K. H. Schatten et al.
1969) model with the source surface at » = 2.5 R, is applied to
express the intensified field as a series of spherical harmonics to
the order of 180 in this study (G. Téth et al. 2011).

In AWSoM-R, the coronal plasma is heated by the
dissipation of two discrete turbulence populations that prop-
agate parallel and antiparallel to the magnetic field (I. V. Soko-
lov et al. 2013, 2021; B. van der Holst et al. 2014). Using
physically consistent treatments of wave reflection, dissipation,
and heat partitioning between electrons and protons, AWSoM-
R has been shown to simulate the SC plasma comparable to
observations with three free parameters: the Poynting flux
parameter for the energy input ((Sp/B)g), the correlation length
for Alfvén wave dissipation (L, VB), and the stochastic heating
exponent and amplitude (hs, Ag). Other parameters for the
model setup are described by, e.g., I. V. Sokolov et al. (2013),
B. van der Holst et al. (2014, 2022), and N. Sachdeva et al.
(2019). The default settings for the free parameters are:
(Sa/B)o = 1.OMWm 2T, LB = 1.5 x 105m T!/2 and
(hs, As) = (0.21, 0.18), based on the studies of J. V. Hollweg
(1986), L. Fisk & N. Schwadron (2001), B. De Pontieu et al.
(2007), B. D. Chandran et al. (2011), I. V. Sokolov et al.
(2013), B. van der Holst et al. (2014), and I. W. Hoppock et al.
(2018). Recently, Z. Huang et al. (2024b) performed
uncertainty quantification of these free parameters and found
that the parameters have a strong dependence on solar cycle
phases. In this simulation, the optimal Poynting flux parameter
is (Sa/B)o = 0.3 MW m2T~! and the other two free para-
meters are set to default.

10 https: //gong.nso.edu/data/magmap/
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A validated background solar wind solution is essential for
modeling the transport processes of energetic particles, as it
provides the magnetic field configuration where particles
propagate, thereby enabling the computation of the energetic
particle properties observed by spacecraft at specific helio-
spheric locations (e.g., J. Hinterreiter et al. 2019; M. Jin et al.
2022; L. Zhao et al. 2024). Nevertheless, current numerical
solutions of the ideal or resistive MHD equations have
struggled to reproduce the aligned interplanetary streamlines
and magnetic field lines in corotating frames (see the
discussions by J. Kleimann et al. 2022 and S. Kennis et al.
2024). One of the reasons for this discrepancy is the numerical
reconnection across the heliospheric current sheet (HCS): the
reconnected field is directed across the HCS, while the global
solar wind streams along the HCS, thus resulting in “V-shaped”
magnetic field lines and significant misalignment between the
magnetic field lines and plasma streamlines (e.g., M. Brchnel-
ova et al. 2022; I. V. Sokolov et al. 2022). It is not feasible to
follow the trajectory of particles in such “V-shaped” magnetic
field lines, and thus streamlines are usually used instead (e.g.,
M. A. Young et al. 2021). Recently, I. V. Sokolov et al. (2022)
have introduced the stream-aligned MHD method that
“nudges” the magnetic field lines and plasma streamlines to
restore their alignments. This stream-aligned AWSoM-R model
has recently been validated in steady-state solar wind
simulations (e.g., E. Wraback et al. 2024; L. Zhao et al.
2024; X. Liu et al. 2025). In this study, we utilize the stream-
aligned AWSoM-R model to obtain a steady-state solar wind
plasma for CME and SEP propagation.

In the simulation, we use a block-adaptive 3D spherical grid
in the SC and a block-adaptive Cartesian cubic grid in the TH,
with an overlapping buffer grid that couples the solutions from
the SC over to the IH. The computational domain in the SC
consists of grid blocks of 6 x 8 x 8 cells (control volumes). In
heliocentric distance, r, the grid extends from 1.1 to 24 R,.
Radial stretching is achieved using Inr as a coordinate instead
of r. The smallest radial cell size is around 0.01 R, near the Sun,
to resolve the steep density and temperature gradients in the
lower SC. The largest radial cell size in the SC is
approximately 0.4 R,. Inside r = 1.7 R, the angular resolution
is ~1°4; outside this radial range, the grid is coarsened by one
level to ~2°8. The computational domain in the TH surrounds
the spherical domain of the SC and is composed of 8 x 8 x 8
grid blocks, extending from 20 up to 500 R,. The cell size
ranges from ~0.3 R, near the inner boundary to ~20 R, near the
outer boundary in the IH. For both the SC and IH, the adaptive
mesh refinement (AMR, see M. J. Berger & P. Colella 1989;
T. I. Gombosi et al. 2003, 2004; B. van der Holst et al. 2011;
G. Téth et al. 2012, and references therein) technique is
performed to resolve the HCS. The grid resolution is increased
by a factor of 2 along the path of the CME to resolve the CME
structures. The total number of cells is of the order of 5 million
in the SC and 100 million in the IH.

2.2. Eruptive Event Generator

Within the steady-state solar wind domain, the CME flux
rope is then modeled by the EE module in the SWMF, which
has been extensively used and validated to model the CME
initialization and propagation (e.g., W. B. Manchester et al.
2004, 2004a, 2004b, 2006, 2008, 2014a, 2014b; N. Lugaz et al.
2005a, 2005b, 2007, 2013; R. Kataoka et al. 2009; B. van der
Holst et al. 2009; M. Jin et al. 2013, 2016, 2017a, 2017b;
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Processed GONG Magnetogram as SWMF Input
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Figure 1. (a) Processed GONG magnetogram as of 06:04 UT on 2013 April 11, with the green arrow representing the Carrington longitude of Earth at that time. The
magnetogram region 60° eastward of the green arrow remains unchanged from the previous Carrington rotation. Weak magnetic fields in the original GONG
magnetogram have been enhanced as described by Equation (1). The black dashed box shows the area of the active region where the CME flux rope originated. (b)
Zoomed-in active region field at the inner boundary, r = 1.0000 R, with the same color bar as used in panel (a). The orange and blue asterisks indicate the chosen
locations with the positive and negative magnetic polarity, respectively, and the black asterisk indicates the center of the configuration. A series of black squares
denote the polarity inversion line. (c) The 3D topology of the flux rope parameterized by EEGGL, superposed with the radial magnetic field of the AR adjusted to

simulate the CME event on 2013 April 11.

D. Shiota & R. Kataoka 2016; J. D. Alvarado-Gomez et al. 2018;
H. Chen et al. 2025). Currently, there are a few different flux rope
models embedded in the EE module, such as the breakout model
(S. K. Antiochos et al. 1999), the flux-emergence model (e.g.,
W. B. Manchester et al. 2004), and analytical flux rope models
including the Gibson—Low (GL) flux rope (S. E. Gibson &
B. Low 1998), the Titov—Démoulin (TD) flux rope (V. S. Titov &
P. Démoulin 1999; 1. 1. Roussev et al. 2003; V. S. Titov et al.
2014, 2022; 1. V. Sokolov & T. I. Gombosi 2023), and the
Statistical Injection of Condensed Helicity (STITCH) initialization
mechanism (S. K. Antiochos 2013; J. T. Dahlin et al. 2022). The
last two models can be used independently, or the STITCH model
can be used to trigger the TD eruption.

In this study, we employ the spheromak-type magnetic field
configuration anchored to the inner boundary, and adopt the
GL model for the initial condition to erupt and propagate as a
CME. For this flux rope type, the defining parameters are
specified by the FEruptive Event Generator Gibson-Low
(EEGGL'") model (e.g., S. E. Gibson & B. Low 1998;
D. Borovikov et al. 2017; M. Jin et al. 2017a, 2017b). The
processed GONG magnetogram shown in Figure 1(a), the
location of the active region (AR), and the observed CME
speed are used to calculate the GL flux rope parameters.

"' Available on https://github.com/SWMFsoftware and https://ccme.gsfc.
nasa.gov/analysis/EEGGL/.
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Table 1
Key Input Parameters of the AWSoM-R, EEGGL, and M-FLAMPA Models in
the SWMF for This Study

Model Parameter Value
AWSoM-R Poynting flux parameter ((Sx/B)o) 0.3MWm2T!
Correlation length for dissipa- 15 x 10°m T'/?
tion (L, v/B)
Stochastic heating exponent (hg) 0.21
Stochastic heating amplitude (As) 0.18
EEGGL CME speed” 675kms !
Type of the inserted flux rope GL
Selected AR positive pole location” (66°, 16°)
Selected AR negative pole location® (75°, 14)
Flux rope radius 0.53 R,
Flux rope stretching 0.60 Ry
Flux rope height 0.73 Ry
Flux rope magnetic field strength 15.0 Gs
M-FLAMPA  Diffusion coefficient free parameter () 0.3 au
Injection momentum spectral index =5
Injection scaling factor 1.2
Notes.

% This CME speed is reevaluated and reported in the DONKI database.
® These locations are given as the Carrington longitude and latitude.

Specifically, the Solar Terrestrial Relations Observatory
(STEREO, described by M. L. Kaiser et al. 2008) CME
Analysis Tool (StereoCAT,12 G. Millward et al. 2013;
M. Mays et al. 2015) can be utilized to calculate the CME
speed with elimination of the projection effect by determining
the CME’s 3D trajectory through observations from multiple
spacecraft. These 3D kinematic properties of CMEs are
included in the Space Weather Database of Notifications,
Knowledge, Information (DONKI') database. We adopt
675kms ', as reported by DONKI, as the accurate CME
speed to calculate the flux rope parameters. Figure 1(b) shows
the zoomed-in AR field with the chosen locations for the
filament footpoints, as well as the polarity inversion line
identified by EEGGL. Note that the input magnetogram is
smoothed by a 5 x 5 pixel window in EEGGL to reduce the
complexity of the photospheric magnetic field configuration.
Based on empirical features of pre-event conditions (e.g.,
D. Borovikov et al. 2017; M. Jin et al. 2017b), EEGGL can
offer an efficient parameter setup, including the location,
orientation, and size of the flux rope and the magnetic field
strength, as detailed in Table 1. With the force-imbalanced flux
rope parameterized by EEGGL and inserted on top of the AR
(see its 3D topology in Figure 1(c)), the CME propagation in
the SC and IH is then modeled with time-accurate simulations.

2.3. Particle Solver
2.3.1. Governing Equation

As the SEP population likely forms out of the suprathermal
tail of the solar wind, whose distribution is far from the
Maxwellian (e.g., V. Pierrard & M. Lazar 2010; S. Kahler &
A. Ling 2019; D. Lario et al. 2019), we characterize SEPs by a
canonical distribution function F(r, p, t) of coordinates (r),

12 https: //ccme.gsfc.nasa.gov /tools /StereoCat/
13 https: / /kauai.ccme.gsfc.nasa.gov/DONKI/search/
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momentum (p), and time (¢), such that the number of particles,
dN, within the elementary volume, d3r, is given by the
following normalization integral: dN = &r fd3p F@r,p,1.Ina
magnetized moving plasma, it is convenient to consider the
distribution function at any given point, r, in a frame of
reference moving with the local plasma bulk velocity, u(r, ?).
Also, we adopt the spherical coordinates (p = |p|, p =b - p/
p, ) in the momentum space with its polar axis aligned with
the direction, b = B/B, of the magnetic field, B(r, r). Herewith,
p indicates the magnitude of the particle momentum, B denotes
the magnetic field amplitude (B (r, 1)), 14 is the cosine value of
the pitch angle, and ¢ is the phase angle of the particle Larmor
gyration. The normalization integral in these new variables
gives

400 1 27
dN=dr [ pdp [ du [ de Fpopon. @

Using the canonical distribution function, one can
define a gyrotropic distribution function, F(r, p, u, t)=
27 . . .
%fo " dp F(r, p, i, p, t), to describe the particle motion
averaged over the phase of gyration around the magnetic field.
The omnidirectional distribution function, f(r, p, 1) =

% fj X du F(r, p, u, t), is additionally averaged over the pitch
angle. The normalization integral in Equation (2) becomes

dN = 2rd3r f
0

+00
= 47rd3rf0 p*dp f(r, p, 1). 3)

+o00 1
P2dpf dp F(r, p, p, 1)
—1

The acceleration and transport of energetic particles in IP
space is described by the focused transport equation (e.g.,
T. G. Northrop 1963; E. Roelof 1969; J. Skilling 1971;
P. A. Isenberg 1997; J. Kéta 1997, 2000; J. Kéta & J. Joki-
pii 2004; J. van den Berg et al. 2020), which accounts for the
effects of particle displacement along the magnetic field, drift
in the inhomogeneous magnetic field, adiabatic heating or
cooling, and adiabatic focusing and particle scattering by the
magnetic turbulence, forming the kinetic equation for the
gyrotropic distribution function F(r, p, u, t):

OF OF
- <% e

Particle Streaming Drift
OF 4 oF d
+ 9o @ + oS ap
ap dt a# dt

——
Adiabatic Heating/Cooling Magnetic Focusing

0 oF
- a_lt(Dqu) + Q s (4)
-~ 7

-
N Additional Source/Sink
Scattering

in which s is the distance along the magnetic field, D,,, is the
pitch-angle diffusion coefficient, and Q denotes the additional
acceleration source or sink terms. In the diffusive limit of very
high scattering rates, the distribution function is assumed to be
isotropic, so that the focused transport equation reduces to the
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Parker transport equation (E. N. Parker 1965):

1 of
g(v ' u)alnp

Ty @ Wf -

Drift Adiabatic Heating/Cooling
«—
=V G-VHY 0 . )

Diffusion Additional Source/Sink

where x = Dybb is the tensor of parallel diffusion along the
magnetic field, and Dj is the parallel spatial diffusion
coefficient. The term proportional to the divergence of u
accounts for the adiabatic cooling for V - u > 0, or the first-
order Fermi acceleration in compression or shock wave fronts
for V - u < 0 (E. Fermi 1949). Although less accurate than the
focused transport equation (see Equation (4)), the Parker
transport equation (see Equation (5)) remains widely used in
SEP studies, since it well describes the acceleration at the shock
wave front, where the scattering is enhanced by the self-excited
turbulence, and it captures the effects of interplanetary
magnetic field IMF) and IP plasma properties on the SEP
transport process. However, far upstream of the shock wave,
where the scattering rate is much lower and particle propaga-
tion is nearly scatter-free, the focused transport equation would
outperform the Parker one (e.g., D. V. Reames 2021, and
references therein). Nevertheless, we adopt Equation (5) for the
SEP numerical modeling in this study.

2.3.2. M-FLAMPA

In the SWMF, the Multiple Field-Line-Advection Model for
Particle Acceleration (M-FLAMPA, 1. V. Sokolov et al. 2004,
D. Borovikov et al. 2018, 2019) has been developed to simulate
the particle acceleration and transport processes, where the
particles are accelerated at the shocks driven by CMEs through
the first-order Fermi acceleration mechanism (E. Fermi 1949).
With no loss in generality, M-FLAMPA reduces a 3D problem
of particle propagation in the IMF to a multitude of simpler 1D
problems of particle transport along a single line of the IMF. As
the simulation begins, AWSoM-R and M-FLAMPA run
simultaneously. At each time step, the time-evolving magnetic
field lines, as well as the plasma properties, are extracted from
the AWSoM-R solutions, and the particle distribution function
is solved along them (D. Borovikov et al. 2015, 2018).
Moreover, as proposed by I. V. Sokolov et al. (2004), novel
mathematical approaches are applied to the extracted magnetic
field lines to sharpen the shock wave front, thus enhancing the
efficiency of the DSA process.

In M-FLAMPA, the particles are assumed to couple with the
magnetic field lines. The particle motions consist of the
displacement of the particle’s guiding center along the IMF
line, and the joint advection of both the guiding center and the
IMF line together with the plasma where the magnetic field is
frozen. Mathematically, this method employs the Lagrangian
coordinate, x1 , which stays with the advecting fluid elements in
space (L. D. Landau & E. M. Lifshitz 1987). Herewith, the
partial time derivative at the constant Lagrangian coordinate,
x;, and the time, 7, is denoted as d/dt or 0/07, while the
notation 9/0¢ denotes the partial time derivative at the constant
Eulerian coordinate, x, with the relations 0/07 =
d/dt = 0/0t + u - V. Certain terms in Equation (5) can be
expressed in terms of Lagrangian derivatives and the spatial
derivative along magnetic field lines, combining with the
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plasma motion equations. Equation (5) can be eventually
rewritten as (D. Borovikov et al. 2018, 2019; 1. V. Sokolov
et al. 2023)

of _df _ _1DInp Of

= —— 4V
or dt 3 Dt Olnp

(k- + 0, (6

where p denotes the mass density of the plasma.

In addition, the Strang splitting method (e.g.,
G. Strang 1968; S. MacNamara & G. Strang 2016) is applied
in M-FLAMPA to split the advection and diffusion terms, in
order to solve Equation (6) efficiently. Here, we implement the
high-resolution Poisson bracket scheme for advections
(I. V. Sokolov et al. 2023) and use the theoretical derivations
for the diffusion coefficient based on the quasi-linear
theory (J. R. Jokipii 1966) and the turbulent magnetic field
(see G. Li et al. 2003; I. V. Sokolov et al. 2004; D. Borovikov
et al. 2019, and references therein). More details are described
in Sections 2.3.3 and 2.3.4.

2.3.3. Implementation of the I. V. Sokolov et al. (2023) Poisson
Bracket Scheme

In order to simulate the fluxes of shock-accelerated SEPs, we
solve the kinetic equation throughout the whole computational
domain, including the shock wave region, with the DSA
mechanism in the heart of our SEP model. In this case, it is
important to use a particle-number-conserving scheme. Other-
wise, the prediction for SEP fluxes may be contaminated by
fake particle productions or disappearances due to approx-
imation errors at high spatial gradients near the shock wave
front.

In classical mechanics (L. Landau & E. Lifshitz 1960), the
Poisson bracket for the distribution function, F(r, p, t), is
introduced as

OF OH  OH OF
{F;HY =) {F;H}y, p = — =
; ot ; (3% op,  Oq, 8pz)

Here, H represents the Hamiltonian function, p, and ¢, are the
canonical coordinates for momentum and position, respectively,
and ¢ denotes the ¢th degree of freedom. Along the Hamiltonian
trajectory, where dq,/dt = 0H /0p,, dp,/dt = —0H /0q,, V¢,
the time evolution of the distribution function is governed by the
Poisson bracket with the Hamiltonian function:

dF  OF
o {F; H} (®)

This fundamental conservation law, known as the Liouville
theorem (J. Liouville 1838), states that the distribution function
remains constant along the Hamiltonian trajectory.

Based on the integral relations for Poisson brackets,
I. V. Sokolov et al. (2023) have developed a computationally
efficient scheme for solving kinetic equations using the finite
volume method. This newly developed Poisson bracket scheme
conserves the number of particles and possesses the total-
variation-diminishing (TVD, e.g., I. V. Sokolov et al. 2006a;
L. Krivodonova & A. Smirnov 2021; G. Téth 2023) property
with second order of accuracy in space, thus ensuring high-
resolution numerical results. With the Poisson bracket scheme,
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Equation (5) can be reformulated as

B {f 8s p3} B o (D U ©)
5s 1% B 3 B ds; \ BS6s 0s; )
where fj « sz, p?/3, 7) is the omnidirectional distribution
function along the field line that has been initially traced
through the grid point, x;, back to the inner boundary of the
SC domain and outer boundary of the IH domain. These grid
points are uniformly spaced in longitude and latitude with the
indices j and k, respectively, on the spherical surface at
r = 2.5 R. Herewith, 6s = ds/dsi, where ds is the element of
the length introduced above (see Equation (4)), s, along the
magnetic field line, and dsi_ is the mesh size in the Lagrangian
coordinate, s;. More details on the derivations of Equation (9)
can be found in Section 4 of I. V. Sokolov et al. (2023).
By the Strang splitting method (G. Strang 1968; S. MacNa-

mara & G. Strang 2016), at each time step, we first solve the
advection equation in the phase space:

Ky 3
{m;g%} =0, (10)
. p/3

where the Hamiltonian function is H = (6s/B)p3/3, with T
and p’ /3 being the two canonical coordinates as we solve the
time-accurate transport equation for SEPs.

Note that the Poisson bracket scheme is applicable to various
types of kinetic equations that can be formulated in terms of
Poisson brackets. It has been demonstrated by I. V. Sokolov
et al. (2019) that the focused transport equation (see
Equation (4)) can be formulated into multiple Poisson brackets,
showing the potential to study the pitch-angle dependence in
testing cases using the Poisson bracket scheme. In this work,
we solve the Parker transport equation (see Equation (5)) for
the omnidirectional distribution function, notated as f(r, p, 1),
as a first implementation of the Poisson bracket scheme in
M-FLAMPA. More sophisticated numerical models that take
into account the pitch-angle dependence for the distribution
function will be investigated in the future.

2.3.4. Particle Diffusion

The interaction between the energetic protons and turbulent
magnetic fields is modeled by diffusion along time-evolving
magnetic field lines. Following Equation (10), within each time
step, the transport equation is subsequently solved for spatial
diffusion along each field line in M-FLAMPA:

W _ B 0 (D U
or 8s dsp \ Bés ds; )

1)

where the spatial diffusion coefficient along the magnetic field,
Dy, can be derived in the usual manner from the scattering
integral with respect to the particle pitch angle, D, (e.g.,
J. R. Jokipii 1966; J. A. Earl 1974; M. A. Lee 1982, 1983;
J. Kéta 2000):

vt A=y
D= — ~— 7 du, 12
I 8 j:l D, a (12)
= ik S L (13)
oz 287/ 11y H & +(K),
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in which v = |v| denotes the proton speed, p is the vacuum
permeability, and w.; = eB/m is the cyclotron frequency of
protons, with e being the proton charge. I.(k) denotes the
spectral energy density of turbulent waves, which propagate
parallel (/,) and antiparallel (/_) to the magnetic field. The
wavenumber taken at k = w,;/(v lul) satisfies the resonance
condition (M. A. Lee 1982; D. Borovikov et al. 2019). Both
turbulent wave spectra are assumed to follow Kolmogorov’s
power law with an index of —5/3 (A. Kolmogorov 1941;
V. E. Zakharov et al. 2012). At the current stage, our model
does not account for the contributions of the self-generated
wave turbulence by energetic particles. More details on the
assumptions, considerations, and derivations of the model are
given by I. V. Sokolov et al. (2009) and D. Borovikov et al.
(2019). Finally, the parallel diffusion coefficient, D), can be
expressed in terms of the mean free path (MFP), )|, and the
proton speed (e.g., I. V. Sokolov et al. 2004):

1
D)= EAHV, (14)

with different treatments of A in the upstream and downstream
regions of the shock in M-FLAMPA. In the upstream region of
the shock, the MFP can be approximated as (G. Li et al. 2003;
G. Li & G. Zank 2005; G. Zank et al. 2007):

1/3
r pc
A= Ao [—1— , 15
I O(Iau)(lGeV) (13)

in which )\ is the MFP for 1 GeV particles at 1 au and it is a
free parameter in the model. With the relativistic relations
between the proton speed, momentum, and kinetic energy, the
parallel diffusion coefficient, Dy in Equation (14), can be
expressed as

1/6
D= e A ( a ) [Ek(Ek il 2EP°)]

3 1 au (1 GeV)?
o | BB + 2Ep) v (16)
(Ex + Ep)> ’

where ¢ denotes the speed of light, E; denotes the kinetic
energy of energetic protons, and E,y = mpc2 = 938.1 MeV is
the proton rest energy, with m,, being the proton rest mass. It
can be seen from Equation (16) that the upstream parallel
diffusion coefficient approximately follows Dy o< r - Ekz/ 3 for
the protons in the energy range from keV to MeV.

Note that different parameter configurations of the MFP and
the parallel diffusion coefficient may lead to different results
(e.g., K. Kecskeméty et al. 2009; L. Zhao et al. 2016, 2024). In
order to justify the validity of the choice adopted for D), we
refer to a recent study by X. Chen et al. (2024), which
examines the power spectrum density of the magnetic
turbulence measured by the Solar Wind Electrons, Alphas,
and Protons (SWEAP, J. C. Kasper et al. 2016) and FIELDS
(S. D. Bale et al. 2016) instruments on board the Parker Solar
Probe (PSP, N. Fox et al. 2016). Based on the PSP observations
in its Orbits 5-13, X. Chen et al. (2024) derived an empirical
formula of the parallel diffusion coefficient for 100keV to
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Figure 2. Parallel diffusion coefficient in the upstream shock region used in this study (solid lines) in comparison with that derived by X. Chen et al. (2024) from the
PSP observations (dotted lines, with the 95% confidence interval plotted as shaded areas). (a) Dependence of parallel diffusion coefficient on the proton kinetic energy
at heliocentric distances of 0.1, 0.4, and 0.8 au, plotted in blue, green, and red, respectively. (b) Dependence of parallel diffusion coefficient on the radial distance for
proton kinetic energies of 100 keV, 1 MeV, 10 MeV, 100 MeV, and 1 GeV, plotted in purple, blue, cyan, orange, and brown, respectively.
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With a similar index simplified from Equation (16) for the keV
to MeV protons, i.e., Dj o r - Ekz/ 3, we compare the depend-
ence of the diffusion coefficient adopted in M-FLAMPA on the
heliocentric distance (see Figure 2(a)) and the proton energy
(see Figure 2(b)) with those derived by X. Chen et al. (2024)
from the interplanetary turbulence level as observed by PSP. In
this work, we take )y in Equation (15) to be 0.3 au, which is
consistent with the results of X. Chen et al. (2024). As shown
in Figure 2, the comparison demonstrates a perfect agreement
within the 95% confidence interval.

In the downstream region of the shock, the diffusion
coefficient is calculated self-consistently through the total
Aflvén wave intensity obtained from the MHD simulation.
Following Equations (12) and (13), we introduce a minimum
wavenumber, k,, below which the turbulence level becomes
negligible. In this way, the downstream MFP is derived by only
considering I..(k) for k > ky in Equation (13), corresponding to
sufficiently small spatial scales. With the derivations shown by
D. Borovikov et al. (2019), we have

2 .1/3 1/3

=5l i ()
7w\6B) k3> \1GeV

in which 6B is the turbulent field strength, and

no= 1GeV/ceB is the Larmor radius for the particle
momentum being 1 GeV/c. Herewith, we consider

Dj=(5.16 + 1.22) x 10" (L)””EO'O8

a7

(18)

27

ko = ,
Lmax (1)

19)

with the maximum spatial scale in the turbulence,
Ly (r) =0.03r (e.g., W. H. Matthaeus et al. 1999;
F. Pucci et al. 2016; D. Borovikov et al. 2019, and references
therein), which gives a relatively comparable magnitude of the
MFP downstream and upstream of the shock as shown in the
Figure in Section 4.4.5.. Besides, in order to compensate for the
eroded width of the shock wave front due to the finite mesh size
in the MHD simulations (~0.1R;), the parallel diffusion
coefficient for the low-energy particles is artificially enhanced
to

Dy = max {Dy, Duin}, 20)
where Dy, = 0.1 Ry x 10°m s, as used by I. V. Sokolov
et al. (2004) and D. Borovikov et al. (2018).

Using Equations (12)-(20), the diffusion equation in
Equation (11) can be solved along each individual magnetic
field line. It is important to note that this approach does not
account for perpendicular diffusion due to the field line random
walk and particle decoupling from field lines, which still
remains a subject of active research and discussions within the
community (e.g., T. Laitinen et al. 2013, 2016, 2018; A. Shal-
chi 2019, 2021; R. Chhiber et al. 2021) and will be
implemented in our model in the future.

2.3.5. Particle Injection

Given the established dynamics that governs particle accelera-
tion and transport, the next essential component of our model is
the injection of particles into the shock acceleration process. In our
simulations, the boundary condition at low energies for the
omnidirectional distribution function is based on the assumption
of a suprathermal tail extending from the plasma thermal energy
to the injection energy or the equivalent momentum (see also
I. V. Sokolov et al. 2004). This tail is assumed to follow a power
law, f pfs, commonly observed in the solar wind (e.g.,
G. Gloeckler 2003; L. Fisk & G. Gloeckler 2006, 2008, and
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references therein):

f (Pinj) =

5
, N 2mpkpT;
e [ -~ "], @

2w 2mpkpT,)3/? Pini

where kg is the Boltzmann constant, and n, and kgT}, denote the
ambient plasma density and temperature in energy units
calculated from the AWSoM-R simulation, respectively. Here,
Pinj is the injection momentum corresponding to the injection
energy, which is set to be 10 keV at any location of the shock
wave front (e.g., D. C. Ellison et al. 1990; J. Giacalone &
J. Kéta 2007). Also, the amplitude of the injected particles is
determined by the so-called injection coefficient, ¢;, which
indicates the fraction of suprathermal protons and can be
derived from

+00
2 —

L — L R 22)
The injection coefficient, ¢; is assumed to be 1 in the
simulations. In order to match the observation, a scaling factor,
1.2, is used to scale up the calculated particle flux (L. Zhao
et al. 2024). A scaling factor greater than 1 indicates that there
are actually more seed particles injected into the shock
acceleration than what is calculated by Equation (21). Since
the wave turbulence self-generated by the streaming protons
(e.g., C. Ng & D. Reames 1994; R. Vainio 2003; R. Treum-
ann 2009) is not included in the simulation, the acceleration
and transport of energetic protons remain unaffected by such a
scaling factor (L. Zhao et al. 2024).

To summarize, Table 1 recapitulates the key input
parameters used for this study, as described through
Section 2.

3. The 2013 April 11 SEP Event: Overview

The SEP event on 2013 April 11 was one of the widespread
SEP events observed in solar cycle 24 (e.g., N. Dresing et al.
2014; N. Gopalswamy et al. 2015; 1. Richardson et al. 2014;
M. Paassilta et al. 2018). D. Lario et al. (2014) studied this
event using observations from multiple spacecraft, including
the STEREO Ahead/Behind (STA/STB, described by
M. L. Kaiser et al. 2008), the Solar and Heliospheric
Observatory (SOHO, described by V. Domingo et al. 1995),
the Advanced Composition Explorer (ACE, described by
E. C. Stone et al. 1998), the Geostationary Operational
Environmental Satellite (GOES, described by W. P. Menzel
& J. F. Purdom 1994), and the Wind spacecraft (described by,
e.g., R. Harten & K. Clark 1995). They also analyzed the
corresponding solar sources of this event by examining extreme
ultraviolet (EUV) wave observations and white-light (WL)
coronagraph images from STA, STB, and the Atmospheric
Imaging Assembly (AIA, J. R. Lemen et al. 2012) on board the
Solar Dynamics Observatory (SDO, W. D. Pesnell et al. 2012).
Furthermore, this particular event shows high Fe/O abundance
ratios observed by particle detectors on board STB and ACE
(see Figure 4 of D. Lario et al. 2014 and more details given by
C. Cohen et al. 2014).

In this event, the filament eruption that triggered the CME
responsible for this SEP event has been investigated by
multiple studies (e.g., P. Vemareddy & W. Mishra 2015;
B. Joshi et al. 2016; R.-Y. Kwon & A. Vourlidas 2017;
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E. Palmerio et al. 2018; A. Fulara et al. 2019; E. K. Kilpua
et al. 2019; H. Pan et al. 2022). On 2013 April 11, an M6.5
X-ray flare erupted from the NOAA AR 11719, located at
Stonyhurst heliographic latitude +9° and longitude —12°
(NO9E12) as viewed from Earth. The soft X-ray emission
began at 06:55 UT and peaked at 07:16 UT. Both STB and
Wind observed type III radio bursts associated with this
eruption from the highest frequencies that the instruments can
detect (~16 MHz) starting at about 06:58 UT, while STA
observed the type III burst only at frequencies below 1 MHz
starting around 07:00 UT.

An associated CME was then observed by the C2
coronagraph of the Large Angle and Spectrometric
Coronagraph (LASCO, G. E. Brueckner et al. 1995) on board
SOHO at 07:24 UT, and by the COR1 coronagraph (W. T. Tho-
mpson et al. 2003) of the Sun Earth Connection Coronal and
Heliospheric Investigation (SECCHI, R. A. Howard et al.
2008) telescopes on board both STA and STB at 07:54 UT
(C. Cohen et al. 2014). The LASCO observations (e.g., Section
3.4 of B. Joshi et al. 2016) indicate that this is a moderately fast
halo CME, with the plane-of-sky CME speed of 861 kms ' as
reported in the Coordinated Data Analysis Web (CDAW) CME
catalog'* (S. Yashiro et al. 2004; N. Gopalswamy et al. 2009).
The plane-of-sky CME speed is also reported as 668 kms ™'
and 590kms~' by STA/SECCHI and STB/SECCHI, respec-
tively, in the corresponding catalogs'> (E. Robbrecht et al.
2009). By combining these multipoint spacecraft observations,
the CME speed is estimated to be over 1000kms™', as
reported by J. Park et al. (2017). However, M. Mays et al.
(2015) and M. Dumbovi¢ et al. (2018) found that such a value
can lead to too early an arrival of the CME at Earth in
numerical modeling. The reevaluated CME speed is
675kms ™', as listed in the DONKI database. A type II radio
burst was observed by both STB and Wind starting at 07:10 UT
and ending around 15:00 UT in the range of frequencies from
10 MHz to 200 kHz, as reported by D. Lario et al. (2014) and
J. Park et al. (2015).

Figure 3(a) shows the longitudinal locations of Earth, STA,
and STB, as well as the corresponding nominal IMF lines
shortly before the CME eruption on 2013 April 11, as viewed
from the north pole of the Sun. The exact observation locations
in the heliographic rotating (HGR) coordinate system are
provided in Table 2. Here, the nominal IMF lines assume a
Parker spiral field with a constant solar wind speed
(E. N. Parker 1958) and an analytical solution taken from the
Solar-Mach tool'® (J. Gieseler et al. 2023). Here, we estimate
the solar wind speed (Us,,) by averaging the in situ plasma
measurements from the NASA Goddard Space Flight Center
(GSFC) OMNI data set'’ (J. King & N. Papitashvili 2005) over
a 12 hr window prior to the eruption. The resulting solar wind
speed is approximately 363 kms™' at Earth, 2500 km s~ ! at
STA, and 327kms~' at STB, giving the nominal magnetic
footpoint separations of 110°~130° between pairs of observa-
tion locations, as listed in Table 2.

In Figure 3(a), the orientation of the CME flux rope derived
from EEGGL and inserted at 07:24 UT is marked by a blue
arrow. The flux rope is placed above AR 11719, centered at
(6925, 14.5) in Carrington longitude and latitude, as shown in

14 https: //cdaw.gsfc.nasa.gov/CME_list/
'3 hitps:/ /secchi.nrl.navy.mil /cactus/

'8 hitps: //solar-mach.github.io/

17 https: //omniweb.gsfc.nasa.gov/
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(a): Longitudinal Configuration at 2013-04-11/07:24 UT
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Figure 3. Overview of the 2013 April 11 SEP event. (a) Longitudinal configuration of Earth, STA, and STB locations (circles) with the nominal IMF lines connecting
them to the Sun, as taken from the Solar-Mach tool (J. Gieseler et al. 2023) and viewed from the north pole of the Sun, plotted in the HGR coordinates in green, pink,
and orange, respectively. The blue arrow shows the CME orientation for this event. (b), (c), (d) Measurements of energetic particles by SOHO/ERNE near Earth,

STA/LET and HET, and STB/LET and HET respectively.

Table 2
Solar Wind and IMF Parameters at Different Locations
Location oc Oc r Usw (o Adear
(deg)  (deg)  (aw)  (kms))  (deg) (deg)
Earth 85.3 -5.9 1.00 363 154.0 84.5
STA 218.7 7.2 0.96 514 264.7 —164.8
STB 303.5 2.3 1.02 327 21.8 —47.7

Note. The list of observation locations included in this study, along with key
parameters: the Carrington longitude (¢c), the Carrington latitude (6c), and the
heliocentric distance (r); the in situ solar wind bulk speed (Usy,); the Carrington
longitude of the magnetic footpoint following the nominal IMF (¢g); and the
angular distance between the magnetic footpoint derived from the nominal IMF
and the source region from which the CME originates (A¢g sr). Here, negative
and positive values represent the eastward and westward directions toward the
footpoints, respectively.

Figure 1(b). In Table 2, we show the angular distance between
the nominal magnetic footpoint and the parent AR from which
the CME originates (A¢gar). These values demonstrate that
the magnetic footpoint of STB is the closest to AR 11719
among the three observers, followed by Earth, and that STA is
the farthest. Note that the coronal magnetic field can be highly
complex and that this estimation can be limited. Alternative
methods for calculating these angular distances are presented in
Section 2 of D. Lario et al. (2014).

Figures 3(b)—(d) show the energetic particle time—intensity
profiles measured by (b) the Energetic and Relativistic Nuclei
and Electron instrument (ERNE, J. Torsti et al. 1995; E. Valt-
onen et al. 1997) on SOHO; (c) the Low Energy Telescope
(LET, R. A. Mewaldt et al. 2008) and High Energy Telescope
(HET, T. Von Rosenvinge et al. 2008) on STA; and (d) LET
and HET on STB. We choose three energy channels for each
spacecraft as shown in Figures 3(b)—(d), as representative of
particle measurements'®  at low, intermediate, and high
energies, respectively. It can be found that

18 Hereafter, “pfu” refers to the particle flux unit, defined as
1 pfu = 1countem 2s ' sr.
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1. In Figures 3(b)—~(d), the onset phase of the SEP event appears
sharper at STB than at Earth, especially in the higher-energy
channels (20.6-23.8 MeV in STB/HET, and 20.0-25.0 MeV
in SOHO/ERNE). A more detailed comparison of the onset
phase of Earth and STB can be found in Figure 5 of D. Lario
et al. (2014). Moreover, the low-energy channels
(1.8-3.6MeV in STB/LET, and 2.0-2.5MeV in SOHO/
ERNE) in Figures 3(b)—(d) show that the SEP fluxes at STB
decay more quickly than those at Earth.

2. While noticeable SEP fluxes are observed at both Earth
and STB, there is only a slight enhancement of particle
measurements at STA, as shown in Figure 3(c). This
disparity at STA is consistent with the large longitudinal
distance between the source AR and the nominal
magnetic footpoint of STA (also see Table 2).

In the following, we will show the results of numerical simulations
of this event using the models described in Section 2 and compare
them with the measurements of observed particles.

4. Results and Discussion

In this section, we present the results for each component of
the model. In Section 4.1, we show the results of steady-state
solar wind simulations for a period of 27 days centered at 2013
April 11/06:04 UT. With this steady-state solar wind solution,
the flux rope is inserted within AR 11719 from which the CME
erupts. We show the initial state and evolution of the CME, and
compare the synthetic WL images with observations in
Section 4.2. In Section 4.3, we describe our newly developed
shock-capturing tool and illustrate how the shock surface is
identified and its evolution in the low solar corona. In
Section 4.4, we highlight our M-FLAMPA SEP simulation
results and compare them with in situ particle measurements.

4.1. Steady-state Solar Wind

Taking the processed GONG magnetogram shown in
Figure 1(a) and the parameters listed in Table 1 as inputs, the
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Figure 4. Steady-state simulation results by AWSoM-R solving the stream-aligned MHD equations. (a) Background solar wind speed in the solar equatorial plane,
with the Carrington heliographic (HGC) coordinates used. The white curves with arrows indicate the magnetic field lines, and those connecting to Earth, STA, and
STB are plotted in green, pink, and orange, respectively. The black dashed circle represents a heliocentric distance of 1 au. The black solid circle at the center is the
lower bot}ndary of the IH in our simulations (20 Ry). (b), (c), (d) Comparison of the EUV images at Earth; STA, and §TB, respectively. The modeled images at 193 A
and 211 A wavelengths are compared with those observed by SDO/AIA near Earth, and images at 171 A and 195 A wavelengths are compared with those observed
by EUVI on board STA and STB, respectively. Helioprojective longitude and latitude are shown in the modeled and observed images for spatial references.

stream-aligned AWSoM-R model calculates the properties of
the 3D solar wind plasma. The solar wind speed in the solar
equatorial plane in the IH is shown in Figure 4(a), plotted with
the locations of Earth, STA, and STB, as well as the magnetic
field lines connecting them to the inner boundary of the IH. As
seen in Figure 4(a), Earth and STA are located in regions with
relatively fast solar wind (>500 km s~ 1), while the solar wind
is relatively slow at STB (~300kms "), comparable to the
values in Table 2. We also plot other magnetic field lines in the
equatorial plane as white curves with arrows, demonstrating the
alignment of the magnetic field and the solar wind plasma
stream (see Section 2.1 and I. V. Sokolov et al. 2022).
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We use the simulated steady-state solar wind electron
density and temperature to synthesize the LOS EUV images,
which are compared with the multiwavelength EUV observa-
tions'” from SDO/AIA and the Extreme UltraViolet Imager
(EUVI, J.-P. Wuelser et al. 2004) on board STA and STB. The
comparisons between simulations and observations are shown
in Figures 4(b)~(d), corresponding to 193 A and 211 A bands
for SDO/AIA, and 171 A and 195 A for STA/EUVI and STB/
EUVI. For each comparison, the top row shows the model-
synthesized LOS EUV images, and the bottom row shows the

19 hitps: / /sdac.virtualsolar.org/cgi/search
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observation results. The key findings from the EUV image
comparisons in Figures 4(b)—(d) are the following.

1. The simulation results exhibit reasonable consistency
with the observations in matching the relative brightness
on a global scale, capturing the positions of major coronal
holes (CHs) and ARs. This agreement indicates that the
stream-aligned AWSoM-R model is able to reproduce the
overall 3D structure of the density and temperature in the
low solar corona.

2. The CHs in the northern hemisphere are captured in
simulations from the STA and STB views, and the
narrow CH close to the south pole is also reproduced in
simulations from the STB view, as shown in Figures 4(c)
and (d). Although the simulated CHs in the northern
hemisphere are visible from Earth’s point of view, they
are darker than SDO/AIA observations in Figure 4(b). As
discussed by N. Sachdeva et al. (2023), solar CHs contain
small-scale, closed field-line loops and magnetic flux that
add to their brightness. In contrast, the numerical
simulation often lacks these small-scale features, leading
to darker CHs in the synthetic images.

3. As shown in Figures 4(b)—(d), the stream-aligned
AWSoM-R model reproduces the bright ARs on the
west limb from the Earth view, and the ARs on both the
west and east limbs from the STA and STB views.
However, the small-scale ARs in the center of the EUV
images observed are either partially visible or not present
in the model results. This discrepancy can be attributed to
a combination of factors, including the uncertainties of
observational data prepared for the synoptic map, the
evolution of all ARs, particularly near the solar
maximum, as well as the order of accuracy in the
modeling scheme (e.g., L. Bertello et al. 2014;
T. I. Gombosi et al. 2021; N. Sachdeva et al.
2021, 2023, and references therein).

Despite the discrepancies in some fine structures, such as CHs
and ARs, the model demonstrates generally good agreement in
terms of the overall brightness, as well as the spatial location and
scale of these features, indicating high simulation performance in
capturing the global structure in the low corona (C. Downs et al.
2010; N. Sachdeva et al. 2019, 2021). We also note that the radius
of the source surface of the PFSS model is set to be 2.5 R, in this
work, as described in Section 2.1. Adjusting the outer boundary of
the PFSS model may lead to an improved background solar wind
solution (e.g., C. Lee et al. 2011; Z. Huang et al. 2024a, and
references therein), which is important in modeling the propagation
of CMEs and SEPs. Overall, the comparisons shown in
Figures 4(b)~(d) validate the synthesized EUV observables and
suggest the readiness of steady-state solar wind solutions for
subsequent simulations.

4.2. CME Eruption and Propagation

After obtaining steady-state solar wind solutions, a force-
imbalanced GL magnetic flux rope (S. E. Gibson &
B. Low 1998) and its entrained plasma are placed on top of
the parent AR (AR 11719 for this event). After the insertion,
we do not change the velocity of the initial states to drive self-
similar evolution. Figure 5 presents the time evolution of the
CME in 3D, at r = 0, 6, 12, and 24 minutes from the top panels
to the bottom. In each panel, the magnetic field lines are plotted
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as solid lines, and the colors from blue to red represent the
radial magnetic field strength on the 1.1 R sphere and along the
field lines. A plane cut depicts the distribution of the plasma
speed in the left column of Figure 5 and the AU = Ax V - u
value for the divergence of the velocity field times the cell size
in the right column of Figure 5. The color bars for different
parameters are shown at the bottom of each panel. In
Figures 5(c), (e), and (g), we can see that the evolution of
the flux rope starts with a rapid acceleration to a speed greater
than 1200 km s " in the low corona. The fast propagation of the
flux rope drives a fast-mode MHD shock ahead of it,
corresponding to the interface between the magenta and blue
regions. As the flux rope propagates outward, it interacts with
the background magnetic field, changing the field topology.
The interaction is evident in the bent field lines downstream of
the shock, as shown in Figures 5(e)—(h).

Here, we compare the model-synthesized WL images with
observations (see footnote 19) to validate the propagation
direction of the CME flux rope. In our model, the synthetic WL
images are created by integrating the Thomson-scattered light
along the LOS that comprises the image (e.g., A. Hayes et al.
2001; H. Morgan et al. 2006). As illustrated in Figure 6, we
compare the model-synthesized WL images with those
captured by LASCO/C2 (Figures 6(a) and (b)), STA/CORI
(Figures 6(c) and (d)), and STB/CORI1 (Figures 6(e) and (f))
coronagraphs. C2 has a field of view (FOV) from 2.0 to 6.0 R,
and CORI1 from 1.5 to 4.0 R,. Therefore, in Figure 6, we limit
the FOV to 4.0 R,. In each panel of Figure 6, the inner white
dotted circle, the black solid circle, and the outer dashed white
circle have radii of 1.0, 2.0, and 4.0 R, respectively. The color
scale shows the relative changes in intensity of the WL total
brightness with respect to the steady-state corona solar wind.
Here we list our key findings by comparing the WL images,
and propose possible explanations for some of them.

1. In the LASCO/C2 view, the core structure of the CME
propagates eastward, as shown in Figures 6(a) and (b).
The observation shows the CME to be symmetric along
the equator, while the synthetic image shows the northern
part of the CME to be brighter than the southern part. We
examine the plasma properties in our simulations and find
a high-density region ahead of the flux rope, which can
slow down the CME propagation, thus contributing to
this asymmetry (L. Zhao et al. 2024).

2. In the STA/CORI view, we primarily see the traces of a
structure propagating toward the far side of the Sun in
Figures 6(c) and (d). The noisy white dots in the east part
of the images may indicate the CME propagation
direction; nonetheless, the changes in brightness are not
very pronounced because of the separation in location, as
shown in Table 2 and Figure 3(a). In our simulations, we
basically reproduce these structures, including the
propagation direction and some weakly intensified
brightness in the east, as illustrated in Figure 6(d).

3. In the STB/CORI1 view, the CME propagates westward
with a nearly symmetric structure with respect to the solar
equator. By comparing Figures 6(e) and (f), our model-
synthesized WL image aligns with the observation except
for some slight differences in the brightness in the south.
This difference is likely related to the high-density region
ahead of the flux rope in the simulation, which also
affects the symmetry of the CME core structure from the
point of view of LASCO/C2.
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Figure 5. Evolution of the flux rope, the flow speed (Upow), and the AU = Ax V - u value (dlvergence of the velocity field times the cell size) in the SC. In each panel, the 3D
topology of multiple magnetic field lines is shown. The concentric circles represent the heliocentric distance in the contour slice, plotted every 2 R, with the values written on
each circle. HGR coordinates are used with the system rotated such that the negative X-axis points toward Earth. Panel (a) shows the initial flux rope at the solar surface with the
radial magnetic field strength (B,) plotted on the solar surface while the flow speed appears on the x—z plane in the SC. Panel (b) is similar to panel (a) but plotted with the AU
value in the SC. Panels (c, d), (e, f), and (g, h) are similar to panels (a, b) but at 6, 12, and 24 minutes after the CME eruption, respectively.

Furthermore, we note that these images are influenced by 4.3. Shock Wave Front

significant projection effects, which can complicate the

interpretation of the CME structure and brightness distribution Because of the role played by CME-driven shocks in particle
(e.g., M. Temmer et al. 2009, 2023, and references therein). acceleration processes, CME-driven shock simulations are
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Figure 6. Comparison of the LASCO/C2 (left column), STA/CORI1 (middle column), and STB/COR1 (right column) WL images at 24 minutes after the CME
eruption. Upper panels are observations, and lower panels are the corresponding model-synthesized WL images. The color scale shows the relative changes in
intensity of WL total brightness with respective to the solar wind before the eruption. In each image, the radii of the inner white dotted circle, the black solid circle, and

the outer dashed white circle are r = 1.0, 2.0, and 4.0 Ry, respectively.

essential to calculate particle acceleration in the modeling of SEP
events (e.g., Z. Miki¢ & M. Lee 2006; M. A. Lee et al. 2012;
W. B. Manchester et al. 2017). Studies in the past have tried to
reconstruct the shock surface and derive its properties, and they can
be categorized into two broad types: (1) those using observational
data such as EUV, WL coronagraphs and radio observations from
which it is possible to infer the shock surface and its properties
(e.g., V. Ontiveros & A. Vourlidas 2009; R.-Y. Kwon et al. 2014;
A. P. Rouillard et al. 2016; 1. Plotnikov et al. 2017; P. Zucca et al.
2018; A. Kouloumvakos et al. 2019; C. A. Maguire et al. 2020),
and (2) those employing physics-based simulations to model the
shock surface and its evolution (e.g., Z. Smith & M. Dryer 1990;
D. Lario et al. 1998; F. Shen et al. 2011; T. Torok et al. 2018;
C. Downs et al. 2021; Z. Ding et al. 2022; M. Jin et al. 2022).
While observational studies provide valuable constraints on shock
properties, they are often limited by projection effects and
assumptions about the applied shock geometry. On the other
hand, simulations offer a more feasible way to study the evolution
of shocks (e.g., W. B. Manchester et al. 2005). In our model, we
develop a shock-capturing tool embedded in the MHD simula-
tions, which enables shock identification with high spatial
resolution in 3D and demonstrates the refined structure and
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complexity of the shock front, thus distinguishing it from many
existing methods listed above.

In addition to the grid initialized as described in Section 2.1,
in order to resolve the fine structures around the shock surfaces,
the grid block resolution is refined by a factor of 2 at locations
where the jump in ion thermal pressure between neighboring
cells exceeds 2.0. Moreover, AWSoM-R incorporates a
second-order shock-capturing scheme with slope limiters to
enhance the accuracy of MHD parameters simulated near the
shock front (G. Téth et al. 2012; T. I. Gombosi et al. 2021).

In our model, AU = Ax V - u is used as the criterion to
extract the shock surface. The divergence of the velocity field is
negative at the shock front and scales with the inverse of the
shock width, which is proportional to the local mesh size Ax.
In essence, AU indicates the jump in flow speed across one
grid cell. In our shock-capturing tool, the shock surface is
extracted along radial lines using a longitude-latitude grid with
an angular resolution of 0°5. Along each radial line, the shock
wave front is identified by the smallest value of AU. Taking
into account the fluctuations for the modeling tool and realistic
structures in the system, a threshold of AU needs to be
specified. This threshold is set as AU, = —50kms™' by
default. In our simulation, to better capture and visualize the
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shock, we set the threshold to be AU, = —120km s~ ". If the
minimum AU is less than the threshold, the radial distance of
the surface and the shock-associated parameters are saved;
otherwise, the shock surface is not recognized.

Figure 7 shows the shock surface extracted at ¢+ = 24 minutes
after the CME eruption from the front (left column) and back
(right column) views. Here, the front view refers to the view
from above AR 11719, and the back view is with a 180°
rotation about the Z-axis. We show the shock wave front
colored by the compression ratio, the shock angle, and the
Mach number for the fast magnetosonic wave in panels (a, b),
(c, d), and (e, f) of Figure 7, respectively. We can see that the
3D shock surface is nonuniform and consists of three spherical
regions, due to the deformation of the flux rope in its
interaction with the inhomogeneous background solar wind
(see Figures 5(g, h)). Distinct variations in the shock properties
can be found across small distances on the shock surface,
especially near the interfaces of different spherical regions.
Detailed calculations of the upstream shock normal, the shock
angle, the shock speed, and the fast-mode Mach number are
included in the Appendix.

The connection point of each observer on the shock surface
is determined by tracing the magnetic field line from the
location of the observer back to the shock surface in the 3D
magnetic field solutions of AWSoM-R. Hereafter in this paper,
when referring to the observer—shock front magnetic connec-
tion, we use the concept of ‘“cobpoint”, short for the
Connecting with the observerpoint, which was first explicitly
considered in modeling by A. Heras et al. (1995). In Figure 7,
we show the field lines in the low solar corona at
t = 24 minutes after the CME eruption, which connect to
Earth, STA, and STB, plotted in green, pink, and orange,
respectively. At t = 24 minutes, Earth and STB are
magnetically connected to the shock, while STA is not. As
illustrated in Figure 7, Earth is connected to the weak part of
the shock with a compression ratio of about 1.5. The shock is
quasi-parallel, with g, being about 30°, and the fast-mode
Mach number is around 1.0. STB is connected to a stronger
part of the shock with a compression ratio of about 2.0. 6, is
about 45°, indicating an oblique shock, and the fast-mode
Mach number is around 2.0.

With a one-minute cadence, we trace the field lines and
examine the shock properties at the cobpoint. Figure 8
illustrates the time evolution of the cobpoint properties
corresponding to Earth and STB, plotted in green and orange,
respectively. Properties of the STA-related cobpoint are not
shown because STA is not magnetically connected to the
shock. The properties displayed include the criterion we use to
identify the shock surface (the AU value), the upstream flow
speed (Ugow), the shock speed (Ugnock), the fast-mode Mach
number (M), the shock angle (0p,), and the density compres-
sion ratio (Pgown/ pup)20 from top to bottom panels in Figure 8.
In Figure 8, it is shown that STB is magnetically connected to
the shock surface around 5 minutes after the flux rope eruption,
while Earth is connected to the shock surface around
15 minutes after the flux rope eruption. Moreover, STB is
connected to a stronger shock in the first hour, whereas the
shock to which the Earth is connected is very weak. Therefore,
more effective particle acceleration is expected at the STB-
connected shock than at Earth at the beginning of the event,

20 Hereafter, (- Jgown and (- Jup refer to the parameter downstream and
upstream of the shock, respectively.
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explaining the fact that we see a more prompt onset at STB
while the onset is more gradual at Earth, as shown in Figure 5
of D. Lario et al. (2014) with a zoomed-in time axis. Later, the
shock region that Earth is connected to becomes slightly
stronger than the one STB is connected to, with a higher
compression ratio and higher fast-mode Mach number, as
shown in Figures 8(d) and (f).

4.4. SEP Fluxes and Evolutions

In M-FLAMPA, 648 magnetic field lines are extracted and
the distribution functions of energetic particles along each
individual magnetic field line are solved. These 648 magnetic
field lines are uniformly initialized on the r = 2.5 R, sphere that
covers 360° in longitude and +85° in latitude, as described in
Section 2.3.3. Once the time-accurate simulation begins, that is,
after the flux rope is placed on top of the AR, AWSoM-R and
M-FLAMPA run concurrently. M-FLAMPA extracts the
plasma parameters from AWSoM-R simulations every
2 minutes and calculates the acceleration and transport
processes of particles. In the following sections, we show the
simulation results and compare them with observations.

4.4.1. Z = 0 Plane Cut and Radial Distribution

Figure 9 shows a snapshot of simulation results in the solar
equatorial plane where Zygr = 0 as seen from above the north
pole of the Sun, at 4 hr after the flux rope eruption. The
magnetic field lines connecting to Earth, STA, and STB are
plotted as green, pink, and orange curves, respectively.
Discontinuities along the field lines within ~20 R, which
connect to Earth and STB, can be found and are primarily due
to the projection effect, the magnetic turbulence in downstream
shock regions, as well as the flux rope interacting with the
ambient solar wind plasma. Figures 9(a) and (b) show the
plasma speed and AU (see Section 4.3). Panels (c) and (d)
show the calculated differential intensity of protons at 2.4 and
22 MeV. Those two energy channels are chosen to compare
with the SOHO and STB observations, as discussed below in
Section 4.4.3. Since STA is not magnetically connected to the
shock surface as seen in panels (a) and (b), and the
perpendicular diffusion is not incorporated in this work, STA
does not detect any particle enhancement. In addition, the
longitudinal dependence of the particle intensity in panels (c)
and (d) can be explained by the nonuniformity of the shock
surface as seen in panels (a) and (b).

4.4.2. 2D Spherical Distribution

Figure 10 shows the two-dimensional (2D) distribution of
the energetic proton differential intensity on a logarithmic scale
at 4 hr (top row), 12 hr (middle row), and 36 hr (bottom row)
after the launch of the CME flux rope. Two energy channels are
shown, 2.4 MeV (left column) and 22 MeV (right column),
corresponding to lower- and higher-energy protons. The x- and
y-axes represent the HGR longitude and latitude on a sphere at
1 au. Earth, STA, and STB locations are marked by letters “E”,
“A”, and “B” within green, pink, and orange circles,
respectively. The location of the inserted flux rope on the
Sun is marked as a blue square with the letter “F” showing the
relative location of observers with respect to the flux rope (also
see Figure 3(a)). A similar plot but for >10 MeV integral flux
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Figure 7. Extracted shock surface at 24 minutes after the flux rope eruption. HGR coordinates are used. In each panel, field lines connecting to Earth, STA, and STB
are plotted in green, pink, and orange, respectively. The brown sphere in the center represents the Sun (r = 1 Ry) in panels (b), (d), and (f). Panel (a) shows the front
view of the shock surface colored with the shock compression ratio. The front view is defined as the view from above the AR. Panel (b) is similar to panel (a) but from
the back view of the shock surface, which is rotated 180° about the Z-axis. Panels (c, d) and (e, f) are similar to panels (a, b) but colored with the shock angle (6p,) and

the fast-mode Mach number (My), respectively.

and with a different computational scheme is shown in Figure 5
of L. Zhao et al. (2024).

Note that the traced 648 magnetic field lines in M-FLAMPA
are evenly distributed on the 2.5 Ry sphere, but not evenly
distributed over the sphere at 1 au because of the inhomoge-
neous magnetic fields in the simulation domain. Therefore, we
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apply the Delaunay triangulation method (B. Delaunay 1934;
D.-T. Lee & B. J. Schachter 1980) to construct a skeleton of the
sphere at 1 au, which uses a set of points to effectively divide
the plane into multiple triangular cells and tends to avoid the
formation of narrow or sliver triangles. In Figure 10, the
vertices indicate where the field lines intersect with the 1 au
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Figure 8. Time evolution of the shock properties at the intersection point of the shock surface with field lines connecting to Earth and STB, plotted in green and
orange, respectively. Six parameters are presented from the top panel to the bottom: (a) The AU value, plotted with the gray dotted horizontal line for the shock
identification threshold AU, = —120 km s~ used in this study; (b): upstream solar wind speed (Upoy); (¢) shock speed (Ushock); (d) fast-mode Mach number (My); (e)
shock angle (6,); (f) density compression ratio (paown/pup)- In each panel, a vertical dashed—dotted line represents the CME onset time.

sphere, and the edges illustrate the skeletal representation of the
lau sphere derived via Delaunay triangulation. With the
skeleton and differential intensity values at each vertex, we
interpolate the intensity across the entire 1 au sphere. In each
panel of Figure 10, the contours are plotted to show the
structure of the distribution function.

Furthermore, comparing the distributions at energies of
24MeV (left column) with 22MeV (right column) in
Figure 10, we see that the higher-energy protons generally
arrive at the 1 au surface earlier than the lower-energy protons.
We can also observe the phases of increase, peak, and decay for
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the differential intensity distribution at 2.4MeV in
Figures 10(a), (c), and (e).

Distinct variations in energetic proton intensities can also be
found across longitudes and latitudes in Figure 10. For
instance, in all three time slices (4, 12, and 36 hr after the
flux rope eruption), the differential intensity around STA is
orders of magnitude lower than that at Earth and STB, if any.
This agrees with the observations in Figure 3 and is consistent
with the simulation results shown in Figure 9, which shows no
SEP fluxes in the regions near STA due to the lack of magnetic
connectivity (see Section 4.3) and the absence of perpendicular



THE ASTROPHYSICAL JOURNAL, 985:82 (28pp), 2025 May 20

(a): Flow Speed, Upey [km s71]

1600

1400

- 1200

- 1000

Yuar [Rs)

- 800

—20
600

—40
400

—60
200

—-60 —40 —20
Xnucr [Rs]

(c): SEP Differential Intensity at 2.4 MeV [pfu MeV ~!]

" 10°

i 104

[ 103
&

= 102
g
=

—20 - 10!

—40 100

—60
1071
—60 —40 —20 0 20 40 60
Xucr [Rs]

Liu et al.

(b): AU [km s™}]
0
—100
<
= —200
o
e
—20
—300
—40
—60
—400
—-60 —40 —-20 0 20 40 60
Xugr [Rs]

(d): SEP Differential Intensity at 22 MeV [pfu MeV !

60 10°
Earth *
L 4
40 10
20 F10°
5
z 0 E 102
g
>~ ~
90 STB] | [ 101
—40 100
—60
1071
—-60 —40 —-20 0 20 40 60
Xucr [Rs]

Figure 9. Simulation results in the solar equatorial plane (Zygr = 0, viewed from the north pole of the Sun) at 4 hr after inserting the flux rope. In each panel, HGR
coordinates are used, and the FOV is set as —65 Ry < Xucr, YuGr < 05 R;. Field lines connecting to Earth, STA, and STB are plotted in green, pink, and orange,
respectively, with corresponding labels next to the field lines. The white solid circle at the center represents the Sun (1 R;). Panel (a) shows the flow speed. Panel (b)
shows the AU value. Panels (c) and (d) show the energetic proton differential intensity at 2.4 and 22 MeV, respectively, with colors saturated if the intensity falls

beyond the range from 10" to 10° pfu MeV .

diffusion in our model. Hereafter, we focus on the particles
observed at Earth and STB. Since the IMF follows the Parker
spiral in general (e.g., H. Xie et al. 2019; L. Zhao et al. 2019),
the SEP flux typically concentrates around 40°-80° east of the
flux rope location, which also depends on the corona and IMF
configurations (e.g., D. Lario et al. 2006; I. Richardson et al.
2014, 2018; M. Paassilta et al. 2018). As shown in
Figures 10(b) and (c), the peak intensity at both energies
occurs between 315° and 360° in our simulations, which is
70°-115° east of the flux rope location. Note that in our
simulation, we assume a uniform injection coefficient through-
out the shock front, that is, independent of the shock obliquity,
as described in Section 2.3.5. Therefore, the 2D distribution of
the energetic particles reflects the collective effects of the
shock strength, as well as the ambient plasma density and
temperature.
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4.4.3. Time—Intensity Profiles

With the triangulation method described in Section 4.4.2, we
interpolate the differential intensities at Earth and STB. Each
panel of Figure 11 presents the calculated differential
intensities across six energy channels, which we compare with
particle measurements from SOHO/ERNE (panels (a, b)), and
STB/LET and HET (panels (c, d)). These six energy channels
for each spacecraft are chosen between ~2 MeV and ~40 MeV
and are shown in different colors. In Figure 11, the simulation
results using the Poisson bracket scheme are plotted as dashed
lines, while the observational data are presented as solid lines.
Overall, our model reproduces the time profiles across the six
energy channels plotted for both SOHO and STB, with
discrepancies within roughly half an order of magnitude. The
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Figure 10. The 2D distribution of the energetic proton differential intensity at 2.4 MeV (left column) and 22 MeV (right column) on the 1 au sphere is shown at 4 hr
(upper row), 12 hr (middle row), and 36 hr (lower row) after the CME eruption. In each panel, the x-axis and y-axis are the HGR longitude and latitude. The flux rope
footpoint on the solar surface is marked as “F” in a square in blue, and the locations of Earth, STA, and STB are plotted as “E”, “A”, and “B” in circles in green, pink,

and orange, respectively.

calculated intensities are slightly higher at STB with a faster
decay phase than at Earth, as shown in Figures 11(a) and (c).
Given that the scaling factor is set to be the same in the entire
simulation domain, this discrepancy between STB and Earth is
due to both the number of particles injected into the shock
system and the different time-evolving shock properties at the
cobpoint related to STB and Earth, as illustrated in Figures 7, 8,
and 10.

In addition, for both SOHO and STB, a zoomed-in view in
Figures 11(b) and (d) reveals that the onset times in the
simulations agree with the observations in all six energy
channels within two hours. A clear velocity dispersion is also
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shown at both locations. Specifically, for SOHO/ERNE, the
onset phases are comparable between simulations and observa-
tions in the two intermediate-energy channels (8.0-10.0 and
13.0-16.0 MeV). However, in the two higher-energy channels
(20.0-25.0 and 32.0-40.0 MeV), the SEP peak intensities
arrive about 2 hr earlier in simulations than in observations. In
the two lower-energy channels (2.0-2.5 and 4.0-5.0 MeV), the
SEP peak intensities arrive slightly later in simulations than in
observations. These differences may be due to the uncertainties
in modeling the evolution of the Gibson-Low flux rope and the
shock properties to which SOHO/ERNE is magnetically
connected. More detailed discussions on the SEP onset and
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Figure 11. Comparison of the energetic proton time—intensity profiles between simulation results and observations across six energy channels that range from
~2 MeV to ~40 MeV. These energy channels, listed in panels (a) and (c), are chosen to match with each particle instrument and they are slightly different for each
instrument. In each panel, the observations are plotted as solid curves, while the calculated intensities are plotted as dashed curves. A black dashed—dotted line
represents the CME onset time. Panel (a) shows the comparison with SOHO/ERNE observations at Earth and panel (c) shows the comparison with STB/LET and
HET in a window of ~2days. The shaded regions in panels (a) and (c) mark the SEP onset phase during the first ~12 hr, with corresponding zoomed-in time—intensity
profiles shown in panels (b) and (d) over the same energy channels as those in panels (a) and (c), respectively. The ranges of x-axis and y-axis remain the same for

panels in the same row.

peak timing and fluxes are provided along with results using
different MFPs later in Section 4.4.5.

In terms of the time profiles in STB/LET and HET, there is
an irregular structure in particle measurements around 17:00
UT on April 11 in Figure 11(c), which is not reproduced by the
simulations. In addition to this short-term irregularity, the onset
phases in simulations are comparable to those in observations
across the six energy channels, except for the lower-energy
channel (1.8-3.6 MeV), in which the calculated peak intensities
are about 4 hr later than observed (see Figure 11(b)).
Furthermore, the decay phases across all six energy channels
for both SOHO and STB show a strong concordance between
simulations and observations, within a factor of ~2.
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4.4.4. Energy Spectrum

Figures 12(a)—(c) depict the energy spectra at 4, 12, and 36
hr after the launch of the CME flux rope, respectively. In each
panel, simulation results are plotted as curves, while observa-
tional data are shown as scattered points where the energy bin
widths are indicated by horizontal bars. We subtract the
background fluxes for all the particle measurements shown
here. The SOHO/ERNE data are marked as green circles, and
the simulated spectra at Earth are plotted as green lines. Note
that the SOHO/ERNE data are subject to saturation effects,
which may lead to inaccuracies in particle counts at high flux
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Figure 12. Comparison between simulations and observations of SEPs at Earth and STB. Panels (a)—(c) present the SEP spectra at Earth and STB at three time
intervals after the CME flux rope eruption: (a) 4 hr, (b) 12 hr, and (c) 36 hr. In each panel, observational data are plotted as scattered points, while simulation results
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“effective energies” calibrated by A. Bruno (2017). Measurements from SOHO/ERNE are marked as green circles, and the simulated spectra at Earth are plotted in
green. Similarly, orange squares represent data from STB/SEPT, orange triangles indicate data from STB/LET and HET instruments, and orange curves represent the
simulated spectra at STB. Panel (d) shows the time profile of the ambient plasma thermal energy density at the shock wave front, using the same legends as in panels
(a)—(c). Additionally, a black vertical dashed—dotted line represents the CME onset time, and three purple vertical dotted lines indicate the moments of 4, 12, and 36 hr

after the CME eruption, respectively.

levels, especially at high energies (R. Miteva et al. 2018, 2020;
P. Kiihl & B. Heber 2019). Therefore, we also show particle
measurements from the Energetic Proton, Electron and Alpha
Detector (EPEAD, T. Onsager et al. 1996; F. B. Sellers &
F. A. Hanser 1996) on board GOES-13, which are plotted as
deep blue squares with energy bins calibrated by A. Bruno
(2017). Measurements from STB/LET and HET instruments
are marked as orange triangles, and the simulated spectra at
STB are plotted as orange lines. At low-energy ranges, we
include data from the Low-Energy Magnetic Spectrometer 120
(LEMS120) of the Electron, Proton, and Alpha Monitor
(EPAM, R. E. Gold et al. 1998) on board ACE for near-Earth
observations, and data from the Solar Electron and Proton
Telescope (SEPT, R. Miiller-Mellin et al. 2008) on board STB,
marked as light blue squares and orange squares in Figure 12,
respectively. Note that ACE/EPAM/LEMSI120 does not
distinguish between ion species, and we assume that its
measured intensities are dominated by protons and that the
contribution of heavier ions is small compared to that of
protons (e.g., P. Marhavilas et al. 2015; D. Lario et al. 2018).
STB/SEPT has four direction-dependent channels (sunward,
antisunward, north, and south) and the observational data are
averaged across these directional channels.

Overall, the simulation results are comparable to the particle
measurements, particularly for energies above 1 MeV. Notably,
the simulations capture the spectral shape during the onset
phases and at later times with high fidelity. However, for low-
energy protons, contamination from high-energy particles
significantly impacts the ACE/EPAM/LEMSI120 and STB/
SEPT measurements, especially during the onset phase of SEP

events (e.g., D. Haggerty et al. 2006; O. Malandraki et al. 2009;
P. Marhavilas et al. 2015; B. Morgado et al. 2015; D. Lario
et al. 2018; M. Briidern et al. 2022, and references therein). As
a result, only a limited number of energy channels in ACE/
EPAM/LEMS120 and STB/SEPT provide valid measure-
ments at t = 4 hr in Figure 12(a), and we also see a fluctuating
spectrum observed by STB/SEPT at r = 12 hr in Figure 12(b).
Furthermore, from the time—intensity profiles in Figure 11, we
can find some short-term irregular structures at energies below
5MeV in observations, which can also contribute to the
differences in model-data comparison at low energies and at
specific times in Figure 12. From the simulation perspective,
the differences between the observed and simulated spectra at
low energies (e.g., Figures 12(b) and (c)) underscore the
challenges in completely accurate modeling of the acceleration
and transport of low-energy particles.

Here, we discuss the spectrum differences between Earth and
STB. In Figure 12(a), the particle intensity at STB is about half
an order of magnitude higher than that at Earth, 4 hr after the
flux rope eruption. The SEP intensities at these two locations
become similar at later times, as illustrated in Figures 12(b) and
(c). To explore these variations in SEP flux levels, we examine
the time-evolving properties on the shock surface. According to
Equation (21), the number of particles injected at the shock
wave front is proportional to the ambient plasma thermal
energy density (per volume), calculated as %npkB T,.
Figure 12(d) shows the time evolution of the plasma thermal
energy at the shock wave front, with the same legends as those
used in Figures 12(a)—(c). The black vertical dashed—dotted
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line marks the CME onset time and three purple vertical dotted
lines indicate 4, 12, and 36 hr after the CME flux rope eruption,
respectively. During the first few hours, the plasma thermal
energy is slightly higher (by a factor of ~3) at the cobpoint of
STB than at Earth, due to the properties of the flux rope and
ambient solar wind. Later, the plasma thermal energy is similar
at the two cobpoints. This tendency contributes to the
differences at earlier times and similarities at later times
regarding the magnitude of SEP fluxes observed at Earth and
STB shown in Figures 12(a)—(c). Since there is also a diffusion
process, particle fluxes at later times are also affected by the
earlier time to some extent.

To evaluate the overall event-integrated fluence, we calculate
the SEP intensities over time across multiple energy channels,
as illustrated in Figure 13. The SEP intensities are integrated in
the first three days of this event. Consistency of the fluence
intensity and spectral shape can be found in Figure 13,
especially for the fluence spectrum at STB and the part of
1 MeV at Earth. We also calculate the spectral index of the
fluence spectrum in the energy range from 1.0 to 50 MeV for
both simulations and observations at Earth and STB. The
spectral indices from simulations are consistent with the ones
derived from observations. A slightly harder fluence spectrum
at STB (7. simu = —1.65) than at Earth (Vg simy = —1.78) is
reproduced from our simulations.

In spite of the good agreement in model-data comparisons,
we can discern noticeable differences at energies <1 MeV
between simulations and observations in both time-evolving
spectra shown in Figures 12(a)—(c) and fluence spectra shown
in Figure 13. As discussed in the text associated with Figure 12,
these differences between simulated and observed spectra arise
from a combination of factors, including the background solar
wind, CME propagation, shock properties, particle acceleration
and transport processes, as well as the instrumental effects and
some short-period irregularities at low energies (also see

22

Figure 11). Next, we will discuss how the MFP affects the
particle acceleration and transport processes in simulations.

4.4.5. Influence of MFPs on SEP Acceleration and Transport

Based on the DSA mechanism, the diffusion coefficient
plays a critical role in the acceleration and transport processes
of energetic particles. In M-FLAMPA, only the parallel
diffusion and MFP are considered (see Section 2.3.2). In the
following, we further investigate and discuss the influence of
the parallel MFP estimation, which is derived from quasi-linear
theory but manipulated differently in the upstream and
downstream shock regions (see more details in
Section 2.3.4).

In Figure 14, we plot A\ for 10keV injected protons at 4 hr
after the CME eruption. Figure 14(a) shows )\ calculated using
Equation (18) in the equatorial plane, plotted with the shock
front, the magnetic field lines connecting to Earth, STA, and
STB, as well as the cobpoints related to Earth and STB. In
Figure 14(a), the regions with a dramatic increase in
correspond to the disruptions caused by the flux rope in the
background solar wind, and the regions with smaller )\ ahead
of the flux rope are where the particles are accelerated
effectively. In Figure 14(b), we plot ) at the injection energy
of 10keV for protons, derived from Equations (14) and (17),
and calculated by Equations (15) and (18) along the field lines
connecting to Earth, STA, and STB. In the region far upstream
of the shock, i.e., in the background solar wind, we can see
reasonably good agreement using these different approaches.

Note that in the upstream region, the free parameter ), in
Equation (15) is chosen to be 0.3 au in order to match D) based
on long-term PSP observations of solar wind turbulence
(X. Chen et al. 2024), as shown in Figure 2. Even though the
results in Figure 2 are overall consistent, there are still
discrepancies for Dy, especially at a small heliocentric distance.
For long-term observations of solar wind magnetic field
turbulence, although the results of X. Chen et al. (2024) are
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Figure 14. The parallel MFP () for the injected protons at 10 keV, 4 hr after the CME flux rope eruption. (a) A in the solar equatorial plane (Zygr = 0, viewed from
the north pole of the Sun) using magnetic field turbulence modeled by AWSoM-R and following Equation (18). The contour colors saturate for )\, values beyond the
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to Earth, STA, and STB are plotted in green, pink, and orange, respectively. (b) The comparison of A for 10 keV protons as a function of heliocentric distance. The
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indicates A calculated by Equation (15), while the dashed curves represent A calculated by Equation (18) using time-accurate AWSoM-R parameters, plotted in the
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the y-axis of panel (b) share the same label tag.

comparable to previous studies such as X. Moussas et al.
(1992) and G. Erd6s & A. Balogh (2005), there are still various
factors that can influence the strength of background turbulence
and the estimation of D, such as the IP transients (e.g.,
M. Desai & J. Giacalone 2016; A. Pitia et al. 2021, and
references therein) and switchbacks (e.g., T. D. de Wit et al.
2020; M. Shoda et al. 2021). As a result, the optimal value )\,
for the upstream MFP may vary from event to event in
modeling historical SEP events.

For this event, we also explore the variations in SEP time—
intensity profiles and fluence spectra caused by different values
of )\g. We set )\ in Equation (15) to be 0.1, 0.3, and 1.0 au, and
present the time—intensity profiles and fluence spectra for both
Earth and STB in Figure 15. Panels (a) and (d) show the time—
intensity profiles for low-energy protons, with 2.0-2.5 MeV
from SOHO/ERNE and 1.8-3.6 MeV from STB/LET. Panels
(b) and (e) correspond to the high-energy proton profiles,
featuring 20.0-25.0 MeV in SOHO/ERNE and 20.6-23.8 MeV
in STB/HET. The fluence spectra and the fitted spectral
indices are shown in panels (c) and (f) for Earth and STB,
respectively.

The SEP time—intensity profiles in Figures 15(a), (b), (d),
and (e) show that not only the absolute flux level, but also the
onset and decay phases are sensitive to the MFP. Similarly,
simulation results in Figures 15(c) and (f) demonstrate that
different MFPs lead to a softer or harder fluence spectrum at
lower- and higher-energy ends. While the simulations with
Ao = 0.3 au achieve the best agreement with the observed time—
intensity profiles, discrepancies still remain in the spectral
index compared to observations at both Earth and STB. These
comparisons show the influence of the fine-tuned upstream
MFP parameter for this event in our model and also highlight
the significance with respect to the transport process of SEPs.
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In fact, the transport of SEPs in the IP medium involves a range
of different physical processes, including magnetic focusing,
adiabatic cooling, drift, and parallel and perpendicular diffusion
(T. G. Northrop 1963; E. Roelof 1969; J. Skilling 1971;
J. Kéta 1997; P. Prinsloo et al. 2019; Y. Wang & J. Guo 2024).
All of these processes depend intricately on the properties of
the solar wind plasma and magnetic fields. The magnetic
turbulence in the solar wind, for example, can influence the
timing of the first arriving particles, the timing when the
particle flux crosses a preset threshold (e.g., G. Qin et al. 2005;
Y. Wang & G. Qin 2015), and also the event-integrated energy
spectral index (e.g., L. Zhao et al. 2016, 2017). Discrepancies
in model-data comparisons as shown in Sections 4.4.3-4.4.5
are consequences of the physical processes of SEPs mentioned
above, as well as the uncertainties in modeling the properties of
the background solar wind, the CME flux rope, and the shock.

5. Summary and Conclusions

As SEPs can pose significant radiation hazards in space, it is
crucial to understand their underlying physics including the
particle acceleration and transport processes. Achieving this
understanding requires not only a comprehensive analysis of
observed SEP events but also the development of models and
tools capable of capturing these complex processes for SEPs. In
this work, we focus on the methodological advancements by
developing a shock-capturing tool and implementing the
Poisson bracket into the SWMF/SOFIE. To demonstrate the
capability of the model development, we utilize them to
investigate a historical SEP event on 2013 April 11, which is
characterized by the absence of significant SEP fluxes at STA
and faster SEP onset at STB than at Earth.
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Figure 15. Calculated time—intensity profiles and energy spectra with different MFPs. (a), (b) The SEP time—intensity profiles at Earth in the energy ranges
2.0-2.5 MeV and 20.0-25.0 MeV, representing comparatively lower and higher energies, respectively. (c) Comparison of fluence spectra at Earth. (d), (¢) The SEP
time—intensity profiles at STB in the energy ranges 1.8-3.6 MeV and 20.6-23.8 MeV, corresponding to comparatively lower and higher energies, respectively. (f)
Comparison of fluence spectra at STB. In each panel, simulation results are shown for three different MFP values, with ) in Equation (15) set to 0.1, 0.3, and 1.0 au,

represented as red, green, and blue dashed curves, respectively. Observational

data are plotted as solid black lines for time series in panels (a), (b), (d), and (e), and

marked as scattered points for the fluence spectrum in panels (c) and (f). The observational data in panels (c) and (f) follow the same legend style as used in Figure 13.
Fitted spectral indices of the fluence spectrum are included for both observations and simulations using different MFPs at Earth and STB, displayed in the

corresponding colors for the ) value.

Our study begins with steady-state solar wind simulations
driven by the stream-aligned AWSoM-R model, using the
hourly updated GONG magnetogram. The simulations yield
reasonable solar wind solutions, which show the magnetic field
aligned with solar wind plasma streams and are validated
against multipoint EUV observations shown in Figure 4.
Although the small-scale structures on the solar surface are not
fully captured, the steady-state solutions show reasonably well
open fluxes from the CHs and good agreement for the average
brightness, scales, and locations of large-scale structures. These
solar wind solutions establish a suitable background through
which the CME and SEPs propagate.

We then simulate the CME by placing a force-imbalanced
GL flux rope with EEGGL-derived magnetic configurations
within the source AR. The propagation of the CME flux rope is
validated through the WL image comparisons (see Figure 6)
with multipoint observations from SDO/AIA as well as COR1
on board STA and STB. As the CME propagates into the SC
and IH domains, it interacts with the ambient solar wind,
producing fast-mode shock fronts where particles are acceler-
ated effectively. A shock-capturing tool has been developed to
study the properties of CME-driven shocks starting from the
low solar corona. Using the AMR technique and the criterion
for the jump in speed (AU value), our shock-capturing tool

shows the complex shock dynamics with high spatial
resolution. The shock surface extracted using the shock-
capturing tool is not only asymmetric and nonuniform but also
consists of three spheres (see Figure 7), primarily due to the
properties of the nonuniform solar wind in the solar corona and
the deformation of the flux rope.

After identifying the shock front, we find that there is no
magnetic connectivity to the shock for STA during this event,
accounting for the absence of noticeable enhancements in SEP
intensity at STA. Moreover, we plot the time-evolving shock
properties in Figure 8, demonstrating that the magnetic
connectivity to the shock wave front is established earlier for
STB than for Earth, along with a higher compression ratio at
the onset phase. Our simulation results about the shock help us
to understand how this complex shock surface affects the
particle acceleration process and explain the observed differ-
ences of SEP behaviors, further underscoring the versatility and
potential of the shock-capturing tool for simulating intri-
cate CMEs.

In order to accurately solve the kinetic equation governing
the acceleration and transport processes of energetic particles,
we have implemented the I. V. Sokolov et al. (2023) Poisson
bracket scheme, which conserves the particle number and
maintains the TVD property, into SOFIE/M-FLAMPA. We
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describe the formulation of the governing equation, the
implementation of the scheme, and the setup of the free
parameters in detail. Then, we show varieties of synthetic
observables, including the SEP fluxes in plane cut, 2D particle
intensity distribution in longitude and latitude on the 1 au
sphere, time—intensity profiles, and energy spectra, showcasing
the integration of the Poisson bracket scheme and also
providing insights into understanding the SEP behaviors.
Moreover, we present the effects of the parallel MFP on the
SEP time—intensity profiles and fluence spectra by choosing
different upstream MFP parameters. Differences between the
simulations and particle measurements arise from a combina-
tion of the instrumental effects, short-period structures, and
uncertainties in modeling the background solar wind, CME
propagation, shock properties, magnetic connectivity, and
particle acceleration and transport processes.

In summary, this study represents an advancement of
SWMF/SOFIE in SEP modeling by integrating newly
developed methodologies and demonstrating their applications.
The implementation of the Poisson bracket scheme within the
SWMF enables high-resolution simulations for SEPs, and the
shock-capturing tool facilitates understanding how the shock
properties affect the particle acceleration process. These
methodological developments, combined with a variety of
synthetic observables, facilitate the elucidation of the under-
lying physics during the 2013 April 11 SEP event, enhancing
our knowledge of the acceleration and transport processes
of SEPs.
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Appendix
Shock Formulation

A.l. Shock Normal and Shock Angle

As the shock wave front is captured, the direction of the
normal to the front, 72, can be found using the continuity of the
normal component of the magnetic field (e.g., Equation (5.86)
in J. D. Jackson 1998) upstream and downstream:

(Bdown — Bup) -1 =0.

As far as it concerns the tangential components (B,) of the
magnetic field upstream and downstream, the Rankine—
Hugoniot relationships (W. J. M. Rankine 1870; H. Hugon-
iot 1889a, 1889b) as applied to MHD dictate that B,,, and
B, 4own are aligned with the jump in the tangential component
of the plasma bulk velocity, (#gown — %up)s, in the MHD shock
waves (see, e.g., the introductory part of Chapter 72 of
L. D. Landau et al. 2013), giving

(AL)

(udown - uup)t || Bt,up H Bt,down
” (Bdown - Bup)t = (Bdown - Bup)’

where the last identity accounts for Equation (Al) to express
the alignment direction in terms of the easy-to-calculate
difference in the magnetic field (see also R. Lepping &
P. Argentiero 1971; B. Abraham-Shrauner 1972). Thus,
eliminating the projection of the velocity jump, #gown, —
onto the direction of B gown
velocity:

(A2)

ul.lp7
— B, gives the jump in the normal

(udown — Uyp )n

Udown — Uyp, Byoyn = Bup,
= 3 [Baown — Bup) X (Udown — uup)] X (Bgown — Bup)
= .
(Bdown - Bup)2 ’ BdOWl’l BuP
(A3)

Finally, the direction of the unit normal to the front pointing
from downstream of the shock to upstream is given by
A (udown - uup)n

n=——————.

Ad)
|(udown - uup)nl (

The upstream shock angle, 0p,, can be derived by measuring
the angle between the upstream magnetic field and the shock
normal (see more analysis by, e.g., J. Chao & K. Hsieh 1984):
|Bup . ﬁl

(AS5)
By

0p, = arccos

A.2. Shock Speed and Fast-mode Mach Number

Based on the equation of continuity (e.g., Chapter 1 of
L. D. Landau & E. M. Lifshitz 1987), the mass flux remains

21 https: //www.nas.nasa.gov /hecc/
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continuous across the shock front:

pdown(Un, down — Ushock) = pup(UshOCk - Un, up)- (A6)

Here, Ugyock denotes the shock speed, and U, dgown = Udown * 12
and U, p = u,p - i represent the downstream and upstream
flow speeds normal to the shock, respectively. The shock speed
is then given as

Paown Un, down — Pup Un, wp

L’shock = B
Pdown — pup

(A7)

as commonly employed in previous studies (e.g., Y. Whang
et al. 1996; Z. Ding et al. 2022; M. Jin et al. 2022, and
references therein). With the shock normal in Equation (A4),

the shock velocity can be expressed as
Ushock = Ushock ii. (AS)

Then, we calculate the fast-mode Mach number (M),
corresponding to the fast magnetosonic wave, by

U,
My = o, (A9)
fms
with
B P,
Vy=—2_ = P22
A \/m s Pup

mes = \/%(Vi + Csz) + J(Vi + C32)2 - 4V/§C52 C082 eBn > (Alo)

where V, denotes the upstream Alfvén speed, and py is the
vacuum permeability; ¢, denotes the acoustic speed, I' = 5/3 is
the ratio of specific heats, and P, denotes the upstream ion
thermal pressure; Vg, denotes the fast magnetosonic speed
(e.g., Chapter 69 of L. D. Landau et al. 2013).
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